擬代数的極小曲面のガウス写像(部分多様体の微分幾何学) by 宮岡, 礼子 et al.
Title擬代数的極小曲面のガウス写像(部分多様体の微分幾何学)
Author(s)宮岡, 礼子; 小林, 亮一; 川上, 裕











Graduate School of Mathematics
Kyushu University and Nagoya University
1





[F2]. $g$ : $Marrow \mathrm{P}^{1}$ ,
$b\in \mathrm{P}^{1}$ , ,
Nevanlinna ,
[Ko]. (


































. $\mathbb{R}^{3}$ $x:Marrow \mathbb{R}^{3}$
$\not\in\S\partial$
, . $z=u+\mathrm{i}v$




$\partial x:M\ni p\mapsto[\partial x(p)]\in \mathbb{Q}^{1}\subset \mathrm{P}^{2}$
. $\mathbb{Q}^{1}=\{[w]\in \mathrm{P}^{2}|w\cdot w=0\}(\cdot$ $\mathbb{C}$ 2
) $\mathbb{R}^{3}$ 2 ,
, $S^{2}=\mathrm{P}^{1}$ .
, $g$ : $Marrow \mathrm{P}^{1}$
74
.




[P] : $\gamma\in H_{1}(M, \mathbb{Z})$ , $\Re\int_{\gamma}\phi=0$
. ,
$hdz=\phi_{1}-i\phi_{2}$ , $g= \frac{\phi_{3}}{hdz}$ (1)
$(hdz,g)$ $M$ 1
.





, $K\leq 0$ .
, $M$ 1 , $(hdZ_{\}}g)$
, $\phi=(\phi_{1}, \phi_{2}, \phi_{3})$ (2) . [C]





. $(hdz,g)$ Weierstms8 (W-
), (5) Weierstmss-Enne \chi r . $(\phi_{1}, \phi_{2}, \phi_{3})$ [C],
[R] ,
$e^{i\theta}(\phi_{1}, \phi_{2}, \phi_{3})$ , $\theta\in \mathbb{R}$
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2.1 $(\mathrm{H}\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{r},\mathrm{O}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n})$ (i) $M$
$\overline{M}$ [
(ii) $W$- $\overline{M}$ $fO\mathit{1}$].
3
$g:Marrow \mathrm{P}^{1}=\hat{\mathbb{C}}=\mathbb{C}\cup\{\infty\}$ ,
1 . Bem stein
.
3.1 (Bernstein, 1915) : $x$ : $\mathbb{R}^{2}arrow \mathbb{R}^{3}$ .
$\mathbb{R}^{2}$









3.3 $(\mathrm{O}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n},19\mathrm{S}4)x$ : $Marrow \mathbb{R}^{3}$
, $\mathrm{P}^{1}\backslash g(M)$ capcity zero .
capasity zero , .
Xavier $g$
$D_{g}$ .
3,4 (Xavier, 1981) $x$ : $Marrow \mathbb{R}^{3}$
, $D_{g}\leq 6$ .
.
3.5 ( , 1988) $x$ : $Marrow \mathbb{R}^{3}$
, $D_{g}\leq 4$ , . $l/\leq 4$
, .
, Voss ( 39 ) , Scherk 4
. .
. 5 $a_{1},$ $\ldots,$ $a_{5}\in \mathrm{P}^{1}$
, $\theta_{ij}$ , $\min\{\sin\frac{\theta_{ij}}{2}, 1\leq i<j\leq 5\}=L$














3.7 ( - , $[\mathrm{M}\mathrm{S}],1994$) $G$
$\overline{M}$ $k$ $M$ . $(G, k)$ ,
2 .
(1) $G=0_{f}k\geq 2$
(2) $G=1,$ $k\geq 3$
(3) $G\geq 2,$ $k\geq 4$
(1 . (2) , W-
. $M=\mathrm{P}^{1}\backslash \{\pm i, \infty\}$ W-
$\{\begin{array}{l}g(z)=\frac{z^{2}+1+a(t-1)}{\frac{\sigma_{Z}(}{(}dz,(a-2+t)^{2},)^{2}z^{2}+t}hdz=1)(t-1)\neq 0\sigma^{2}=\overline{a\{(t-1)a+4\}}\end{array}$ (6)
, $\sigma^{2}<0$ $a,$ $t$ ,
2 $\sigma,$ $\sigma a$ . , ,
.
3.8 ( [Ka]) 2 2.5
.
3.9 $g$ $\{a_{1}, \ldots, a_{r_{0}}, b_{1}, \ldots, b_{l_{\mathrm{o}}}\}$
. $aj$ I . $aj$
$\nu_{j}=\infty,$ $b_{j}$ $g^{-1}(b_{j})$ $g$
$\nu_{j}$ . $\nu_{j}\geq 2$ . $g$ $\nu$
$\nu=\sum_{a_{j},b_{j}}(1-\frac{1}{\nu_{j}})=r_{0}+\sum_{j=1}^{l_{0}}(\begin{array}{l}1-\underline{1}\nu_{j}\end{array})$
.
(6) , 2 , 2 $g’(z)=0$









(i) $\mathrm{W}$- $(hdz,g)$ $M=\overline{M}\backslash \{p_{1}, \ldots,p_{k}\}$
$\overline{M}$ .





3.10 Voss : $a_{1}$ , a2, $a_{3}\in \mathbb{C}$ 3 , $\mathrm{W}$-





[P] , $M$ $\mathrm{D}$
$x$ : $\mathrm{D}arrow \mathbb{R}^{3}$ . . ,
4 $a_{1},$ $a_{2},a_{3},$ $\infty$ . $M$ $M=\mathbb{C}\backslash$ { $a_{1}$ ,a2}
, $x$ : $arrow \mathbb{R}^{3}$ , 3
$a_{1}$ ,a2, $\infty$ . $a_{j}$
3 . [P]
, .





4.1 $M=\overline{M}\backslash \{p1, \ldots,Pk\}$
. $\overline{M}$ $G$, $g$ $\overline{M}$ $d$
. , .
$D_{g} \leq 2+\frac{2}{R}$ , $R= \frac{d}{G-1+k/2}\geq 1$ . (8)
{, $g$ ( )
$l$ , .





, , 2 .
(9), (10) , .
$R$ \S 6 . .
4.2 (Osserman, Fang, Gackst\"atter) ,
(i) $D_{g}\leq 3$ (Ossermffin 32)
) $G=0$ $D_{g}\leq 2$
(iii) $G=1,$ $D_{\mathit{9}}=3$ , $d=k$
, $g$ $M$ .
4.3 Fang [F] (Theorem 3.1) , $d\leq 4$
$D_{g}\leq 2$ ($d\leq 3$ [WX]) .
4.4 , Klotz-Sario
[BC]. $x$ : $Marrow \mathbb{R}^{3}$ , $\pi$ : $\tilde{M}arrow M$ $M=\overline{M}\backslash$
$\{p_{1}, \ldots,p_{k}\}$ $\text{ }$ . $\tilde{x}=x\mathrm{o}\pi$ : $\tilde{M}arrow \mathbb{R}^{3}$
. ,
$\tilde{M}$ . $R$
. $D_{g}$ $\nu$ .
80
4.5 (8) . [MS]
Theorem 3 , 2
4 $(G=1, k=4)$ ,
. $\vdash-$ $\overline{M}$ Weierstrass $\mathfrak{p}$ $(\mathfrak{p}’)^{2}=4\mathfrak{p}(\mathfrak{p}^{2}-a^{2})$
. $M$ $\overline{M}$ $\mathfrak{p}=0,$ $\pm a,$ $\infty$ 4
, W-
[Case 1] $g= \frac{\sigma}{\mathfrak{p}^{j}\mathfrak{p}},$ , $hdz= \frac{\mathfrak{p}d\mathfrak{p}}{\mathfrak{p}},$, $\dot{y}=1,2,3\ldots$ ,
[Case 2] $g= \frac{\sigma}{\mathfrak{p}^{i}\mathfrak{p}’}$ , $hdz= \frac{\mathfrak{p}^{j+1}d\mathfrak{p}}{\mathfrak{p}},$ , $\dot{g}=2,4,6\ldots$ ,
. $\sigma$ 2 0, $\infty$
. $d=2j+3$
, $R=d/2$ , $2+2/R$ $2(=D_{\rho})$
. ( $j=0$ . $(G, k, d)=(1,3,3)$
, $g$ 1 0 . )
: Osserman [01] .
, $g$ $p_{j}$
, $g$ . $hdz$ $\ovalbox{\tt\small REJECT}$
$\mu j\geq 1$ . $\mu_{j}\geq 2$
. $\alpha_{s}$ $g$ , $\beta_{t}$ .
$g,$ $hdz$ , ghdz . .




ghdz $0^{1}$ $0^{1}$ $\infty^{\mu j}$
Riemann-Roch $M$ $hdz$ ghdz
$2d- \sum_{j=1}^{k}\mu_{j}=2G-2$





$\mu_{j}\geq 2$ $R>1$ .






$k\geq dr_{0}-n_{0}$ , $n_{b}\geq l$ (14)
. $n_{1}$ $g$ . lemann-Hurwitz
$\overline{M}$
$g$ , .
$n_{1}=2(d+G-1)=n_{0}+n_{b}\geq dr_{0}-k+l$ . (15)
$\ovalbox{\tt\small REJECT}$
$\nu_{i}=\min_{g^{-1}(b_{i})}$ {$g(z)=b_{i}$ }
, $1\leq\nu_{i}\leq d$ . (15) ,
$D_{g}=r0 \leq\frac{n_{1}+k-l}{d}=2+\frac{2}{R}-\frac{l}{d}$ (16)
, (13)




(10) jl, . . . , bl . $n_{r}$
$b_{1},$
$\ldots$ , b\sim j $l0\leq l,$ $n_{r}\leq n_{b}$ . $b_{i}$





(14) $\leq n_{b}$ ,
$\nu=r_{0}+\sum_{i=1}^{l_{0}}(1-\frac{1}{\nu_{i}})\leq\frac{k+n_{0}}{d}+\frac{n_{r}}{d}\leq\frac{n_{1}+k}{d}=2+\frac{2}{R}$
.
, 42(i1), (iii) .
(1) $d=2$ ,
$D_{g} \leq 2+\frac{2}{R}-\frac{l}{2}$ , $\nu\leq 2+\frac{2}{R}$
, (6) , $R=4,\mathit{1}=1$ , $D_{g}=2,$ $\nu=2.5$
. (9), (10) .
(2) Voss $d=1,$ $G=0$ $k=3$ $R=2$ ,
$l=0$ $D_{g}=3=2+2/2,$ $k=4$ $R=1,$ $l=0$
$D_{\mathit{9}}=4=2+2/1$ . (9), (10)
.
(3) $r0=3$ $R\leq 2$ , $G-1+ \frac{1}{2}\sum_{j=1}^{k}\mu j\leq 2(G-1)+k$
. . $\mu_{j}\geq 2$
$k \leq\frac{1}{2}.\sum_{j=1}^{k}\mu_{j}\leq G-1+k$ (18)
42 (\"u) . $G=1$ , $j$
$\mu j=2$ , [JM].




5.1 $M=\overline{M}\backslash \{p_{1}, \ldots,pk\}$
$M_{1},$ $M_{2}$ . $\overline{M}$ $G$ , $M_{1},$ $M_{2}$




$d$ , $g_{1}\neq g_{2}$ . $c_{1},$ $\ldots,$ $c_{q}\in \mathrm{P}^{1}$
, $g_{1}^{-1}(cj)\cap M=g_{2}^{-1}(cj)\cap M,$ $1\leq j\leq q$
$q \leq 4+\frac{2}{R}$ , $R= \frac{d}{G-1+k/2}$ (19)
. $q\leq 6_{f}$ $q\leq 5$ .
: $\#$ ,
$\delta_{j}=\#(g_{1}^{-1}(c_{j})\cap M)=\#(g_{2}^{-1}(c_{j})\cap M)$
, \S 4 ,
$qd \leq k+\sum_{j=1}^{q}\mathit{5}_{j}+n_{1}$ (20)








5.2 ([F3]) $q=6$ 2
. , $q=5$
.
, Gackst\"atter ( 42(iii) )
.
5.3(Gackst\"atter [G]) $G=1$
$g$ 3 $a_{1},$ $a_{2}$ , $a_{3}\in \mathrm{P}^{1}$ , $g$ ,




$a_{r}\in \mathrm{P}^{1}$ , $M$ , $g$ $\mathrm{P}^{1}\backslash$
$\{a_{1}, \ldots, a_{r}\}$ . , $M$ $\mathrm{D}$
. $\mathrm{D}$ $\omega_{h}$, $K_{h}=-4\pi$ . ,
$\Omega$ $\mathrm{P}^{1}\backslash \{a_{1}, \ldots,a_{r}\}$ , $4\pi$
. $g$ $M$ , $\mathrm{D}$ , $g:\mathrm{D}arrow\Omega$
, .
$g$
$\overline{M}$ $d$ , $M$ $\mathrm{P}^{1}\backslash \{a_{1}, \ldots,a_{r}\}$
$\mathrm{D}$ $U\subset \mathrm{D}$ $d$ , $g:Marrow$
$\mathrm{P}^{1}\backslash \{a_{1}, \ldots,a_{r}\}$ $d$ .
$5\cdot 4$ Voss $d=1$ .
5.5 $g$ : $Marrow \mathrm{P}^{1}$ , $\mathrm{P}^{1}\backslash$ {$r$ }
$U$ , $U$
. , , 42 (ii) $D_{g}\leq 2$





$M$ $\mathrm{D}$ . $(\mathrm{D}, \omega_{hyp})$
$K_{h}=-4\pi$ , $M$ $A_{hyp}(M)$ . $\omega_{FS}$ $\mathrm{P}^{1}$
$4\pi$ Fubini-Study ($\mathrm{P}^{1}$ 1 ).
Gauss-Bonnet ( )




, $d$ $g$ , $F$ $g^{*}\omega FS$
$A_{FS}(F)$ $d$ .
$A_{FS}(F)= \frac{d}{G-1+k/2}A_{h\text{ }}$ $(F)=RA_{hyp}(F)$ , (23)
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, $r$ 1 $T_{g}(r)$
$\int_{0}^{r}\frac{dt}{t}\int_{\mathbb{C}(t)}\omega_{hyp}\approx\frac{1}{2}\log\frac{1}{1-r}$
. ( ,
$\frac{1}{2}\log\frac{1}{1-r^{2}}$ , Nevanlin$\mathrm{n}\mathrm{a}$ $\mathrm{t}3$gR t )
$T_{g}(r) \geq\frac{\eta}{2}\log\frac{1}{1-r}$ (24)
$\mathrm{K}\mathrm{M}2$]. $\mathbb{C}(t)$ $M$








[Ko]. $g(M)$ $\mathrm{P}^{1}\backslash$ {$r$ } , $r=3$ 4 , $\mathrm{P}^{1}$
$\Omega$ $\mathrm{P}^{1}\backslash$ {$r$ } ,
1 . .
6.1 $M=\overline{M}\backslash \{p_{1}, \ldots,p_{k}\}$
, $g$ $\{p_{1}, \ldots,p_{k}\}$ .
(i) $D_{g}=3$
$T_{g}(r) \geq\log\frac{1}{1-r}$ (26)





. $k=4$ Voss .
6.2 , (26), (27) , (i) $\eta=2$ ,
(ii) $\eta=1$ . $R=\eta$ .
: $(\mathrm{D},\omega_{hyp}),$ $\Omega$ , $\omega_{\Omega}$ $4\pi$ $\Omega$
$g$ : $\mathrm{D}arrow\Omega$ ,
. (r) , $\omega\Omega$




. (i) 53 . $D_{g}=4$
, (ii) .
, . (r) ,
$D_{g}$ $\nu$ . [KKM2] .
7 Gauss-Bonnet
$M=\overline{M}\backslash$ { $k$ } , $\mathrm{D}$ ,
$\omega_{h}=\omega hw$ , . $K_{h}$
, Gauss-Bonnet
$2 \pi\chi(M)=\int_{M}K_{h}\omega_{h}=-4\pi\int_{M}\omega_{h}=-4\pi A_{h\varphi}(M)$ (28)
( , ). $j=1,2,$ $\ldots,$ $k$
, $D_{\epsilon_{j}}$ $\epsilon_{j}$ $p_{j}$ . $M_{\epsilon}= \overline{M}\backslash \bigcup_{j}D_{\epsilon_{j}}$
, $\epsilonarrow 0$ $\epsilon_{j}arrow \mathrm{O}$ . D.
$\overline{M}$
$\sigma$ . K\"ahler




$d=\partial+\overline{\partial},$ $d^{\mathrm{c}}=(\partial-\overline{\partial})/(4\pi \mathrm{i}),$ ($\partial$ Osserman 1/2).
$dd^{0}\log\tilde{\omega}$ $=- \frac{K_{d}}{2\pi}‘ dA_{\omega},$ ( $K_{\omega}$ , d $\omega$ $\mathrm{f}\mathrm{f}\mathrm{i}\text{ }$,
) , $\epsilonarrow 0$ ,
Gauss-Bonnet $(\overline{M}, \sigma)$ .
.
$\lim_{\epsilonarrow 0}\sum_{j}[_{M_{\epsilon}}(dd^{c}\log\tilde{\sigma}-dd^{c}\log\tilde{\omega}_{h})=-\chi(\neg M-2A_{h_{\mathrm{t}}\wp}(M)$ .
$D_{\epsilon_{j}}$ $z=0$ $p_{j}$ $\sigma=\frac{\mathrm{i}}{2}dz\Lambda$
$d\overline{z},$ $\omega_{h}=\frac{\mathrm{i}}{2\pi}\frac{1}{|z|^{2}(\log|z|^{-2})^{2}}dz\Lambda d\overline{z}$ . $d^{c}= \frac{1}{4\pi}(-\frac{1}{r}\frac{\partial}{\partial\theta}dr+r\frac{\partial}{\partial r}d\theta)$
$\lim_{\epsilonarrow 0}\sum_{j}\int_{\mathit{8}D_{\epsilon_{j}}}d^{c}\log(\sigma/\omega_{h})=k$ ,
(28) .
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